Using a sub-Poissonian optical field generated from a weak twin beam by photon-number resolving post-selection we have simultaneously observed higher-order non-classicalities in photocount moments (sub-Poissonian statistics) and probabilities (witnessed by the Klyshko inequalities). Up to the seventhorder non-classicalities in photocount moments simultaneously with up to the eleventh-order nonclassicalities in photocount probabilities have been experimentally observed. Non-classicality counting parameters of different orders as experimental counterparts of the theoretical Lee non-classicality depth have been suggested to quantify and also mutually compare the robustness of these nonclassicalities against the noise.
, with the potential to improve the detection of gravitational waves) and strongly anti-bunched light 4 coming from individual emitters is detected, only weakly sub-Poissonian light has been observed for a long time.
Different techniques for the generation of sub-Poissonian light were applied using resonance fluorescence 10 (Fano factor = 〈 Δ 〉 〈 〉 ≈ . F n n ( ) / 0998
2 ), Franck-Hertz experiment 11 ( ≈ . F 0 99), high-efficiency light-emitting diodes 12 ( ≈ . F 0 96), feed-forward action on the beam 13 , second-subharmonic generation 14 and excited atoms passing through micro-cavities 15, 16 . Also the experimental displaced single-photon states exhibited sub-Poissonian photocount statistics for smaller displacements 17 . Considerable improvement was reached when a post-selection scheme based on photon-number-resolving detectors and exploiting either the continuous signal and idler fields from optical parametric oscillators 18, 19 or pulsed weak twin beams were applied [20] [21] [22] [23] [24] . Recently, also collective emissions from small clusters of single-photon emitters were analyzed as promising sources of sub-Poissonian light 25 . More detailed investigations revealed that the observation of non-classicality of such fields is not restricted to the behavior of second-order photocount moments 26 : Also higher-order photocount and photon-number moments 27, 28 can behave nonclassically. In such cases the observed fields exhibit higher-order non-classicalities 27, [29] [30] [31] [32] . These higher-order moments are immediately available in various experiments aimed at exploring higher-order correlations in photon fields [33] [34] [35] [36] . Nonclassical behavior of higher-order moments was observed for the third- 25 , fourth- 17, 35 , fifth- 37 and even fourteenth-order 38 photocount moments in different scenarios. On the other hand, also another type of higher-order non-classicalities based on non-classicality inequalities written directly for photocount and photon-number probabilities (elements of the photocount and photon-number distributions) has been recently introduced 39, 40 and experimentally investigated 37 . Both types of non-classicalities are complementary in the sense that one of them 'scans' the space of quantum states spanned by photocount (photon-number) moments whereas the other operates directly in the space of photocount (photon-number) distributions.
As it has been demonstrated in ref. 37 for sub-Poissonian fields generated by photon-number-resolving post-selection from a weak twin beam both types of non-classicalities can be observed simultaneously. Here, we extend the results of ref. 37 in two directions. First, the improved stability of our experimental setup allows us to report on the simultaneous observation of the seventh-order non-classicality expressed in photocount moments and eleventh-order non-classicality detected in photocount probabilities. Second, we introduce non-classicality counting parameters of different orders that are derived directly from the photocount (photon-number) probabilities or moments. Contrary to the traditionally-used Lee non-classicality depth based on the integrated-intensity (normally-ordered) moments and applied, e.g., in ref. 37 , these parameters are defined also for the non-classicalities written in probabilities. This then allows, among others, mutual comparison of both types of non-classicalities with respect to their robustness against the noise. Also, their evaluation for the case of non-classicalities based on photocount (photon-number) moments does not require the use of commutation relations. This is especially important for multi-mode optical fields.
The fact that both types of higher-order non-classicalities can be identified and quantified already in the experimental photocount distributions (histograms) is principally important as it allows to avoid possible 'distortions' of non-classical properties of the detected fields caused by their reconstruction. Excluding the death-time effect and its spatial variant in photon detection 41 , attenuation in detection (described by quantum detection efficiency), the detection of additional noise photons and cross-talk effects only degrade nonclassical properties of the detected optical fields. Subsequent reconstruction of the optical field then compensates for these effects which may result in artifacts in identification of the optical-field non-classicality. For this reason, special non-classicality inequalities valid directly for the photocount distributions measured by multiple on-off detectors ('click-counting' statistics) were even derived 42 . The paper is organized as follows. In section Higher-order non-classicalities and their quantification, we define higher-order non-classicalities of two types and the corresponding non-classicality counting parameters. Properties of these counting parameters are theoretically investigated in section Non-classicality counting parameters τ for specific groups of states. In section Experimental higher-order non-classicalities in photocount moments and probabilities the non-classicality parameters are applied to an experimentally generated sub-Poissonian field with about 11 photons on average. Analysis of nonclassical properties of the corresponding photon-number distribution is contained in section Higher-order non-classicalities in the reconstructed field. Section Conclusions summarizes the results.
Higher-Order Non-Classicalities and Their Quantification
Non-classicality is defined in general as a property of a state endowed with non-positive Glauber-Sudarshan phase-space quasi-distribution. It has been shown in refs 4, 28, 37 that a state with a kth photocount (photon-number) moment 〈 〉 c k smaller than that of a classical optical field with a Poissonian photocount (photon-number) statistics 〈 〉 c k Pois (in a coherent state) with the same mean photocount (photon) number 〈 〉 = 〈 〉 c c Pois is nonclassical. This brings us to the following definition of a kth-order non-classicality observed in photocount (photon-number) moments 37 that refers to the kth-order sub-Poissonian statistics:
We note that the states exhibiting second-order as well as higher-order non-classicalities defined by inequality (1) form a subset inside the set of all nonclassical states fulfilling the above general definition.
Theoretical analysis of the measured photocount and also reconstructed photon-number distributions reveals a complementary way how to identify another type of higher-order non-classicalities 39 . It is based directly upon the elements f(c) [p(n)] of the photocount [photon-number] distributions that, for any classical field, have to obey the following inequalities 37, 39 :
We note that the Poissonian distribution f(c) gives equality in Eq. (2) . In parallel to Eq. (1), we may define the following coefficient  r c k ( ) that identifies a kth-order non-classicality observed directly in the (modified) photocount (photon-number) distributions 39 
At the theoretical level, the Lee non-classicality depth 43 is standardly used to quantify robustness of nonclassical features of light. However, the determination of the Lee non-classicality depth is based upon the (normally-ordered) integrated intensity moments that have to be derived from the usual experimental photocount (photon-number) moments relying on the commutation relations between the field's creation and annihilation operators. To avoid this derivation that does not have to be apparent for multi-mode fields, we suggest here a non-classicality counting parameter τ for quantifying the robustness of non-classicality. It is based upon considering directly the photocount (photon-number) distribution of the analyzed field. According to the definition, we superimpose an independent noise thermal field with varying mean photocount (photon) number τ to the www.nature.com/scientificreports www.nature.com/scientificreports/ analyzed field. When the noise mean photocount (photon) number τ increases, non-classicality of the composed field characterized by the overall photocount (photon-number) distribution f comp , (3) vanish can then be used as non-classicality quantifiers with respect to a given criterion. The greater the non-classicality counting parameter τ is, the more robust the non-classicality is. The values of τ are found in the range from 0 to ∞. However, the parameter τ cannot be successfully applied to highly nonclassical states that remain nonclassical even for τ → ∞ as shown in the following section.
Non-Classicality Counting Parameters τ for Specific Groups of States
To elucidate the behavior of non-classicality counting parameters τ Considering the first group the states are described by the statistical operator ρˆ given as
and α ∈ 〈 〉 0, 1 is a real parameter. They have simple photon-number distributions p n ( ) that give the following photocount distributions f c ( ):
Photocount distribution τ f c ( , ) comp defined according to Eq. (4) is derived for the distribution f c ( ) in Eq. (6) in the form: 
On the other hand, the following integrated-intensity moments characterize the Poissonian field with mean integrated intensity 〈 〉 W c :
Applying formula (9) to the composed photocount distribution τ f c ( , ) comp in Eq. (7), we arrive at the following first photocount moments:
Formula (10) then allows us to arrive at the second-order non-classicality coefficient r c
:
in Eq. (12) the non-classicality counting parameter τ c (2) is derived as
www.nature.com/scientificreports www.nature.com/scientificreports/ According to Eq. (13), the greater the fraction α of the one-photon Fock state in the analyzed state is, the greater amount τ of thermal noise is needed to conceal the non-classicality, and thus the more nonclassical the state is.
For
in Eq. (14) we arrive at the corresponding non-classicality counting parameter τ  c (2) for α ≤ 1/2:
On the other hand, the coefficient  r c (2) remains negative (and hence nonclassical) for α > 1/2 even for τ → ∞. This means that the non-classicality counting parameter τ c (2) is not sensitive enough to quantify robustness of these highly nonclassical states.
We note that the analytical formulas for the non-classicality counting parameters τ c (3) and τ  c (3) reveal the ine-
. Performing similar calculations for an N-photon Fock state | 〉 N with statistical operator ρˆN ( ≥ N 1),
N we arrive at the following formula for the second-order non-classicality coefficient r c
in Eq. (17) the non-classicality counting
is derived as
Thus, it exceeds one for > N 1. We note that the coefficients
are not defined for these states and, similarly as above, we also have
.
Experimental Higher-Order Non-Classicalities in Photocount Moments and probabilities
Now we analyze the performance of the introduced non-classicality counting parameters r c k ( ) and  r c k ( ) in case of an experimental photocount histogram f(c) belonging to a sub-Poissonian field obtained by photon-numberresolving post-selection from a weak twin beam. We show that though the non-classicality counting parameters are not applicable for highly nonclassical states they successfully quantify the non-classicality of real experimental fields.
A twin beam that was used for the post-selection was emitted in non-collinear geometry in a 5-mm-long type-I BaB 2 O 4 crystal pumped by the third harmonics (280 nm) of a femtosecond cavity dumped Ti:sapphire laser (pulse duration 150 fs, central wavelength 840 nm) (for the setup, see Fig. 1 ). The signal field as well as the idler field were detected by the photocathode of an intensified CCD (iCCD) camera Andor DH334-18U-63 whose detection efficiency η = .
± . 0 220 0 005 and dark-count rate = .
± . DM 0 040 0 005 electrons per frame was determined in an independent measurement 22, 26 . We note that also intensified CMOS cameras 44, 45 and electron-multiplied CCD cameras 46 were used as photon-number-resolving detectors in similar tasks. Both the signal and idler beams were monitored by = M 6500 neighbor pixels that provided photon-number resolution 41, 47 . In the experiment the nearly-frequency-degenerate signal and idler fields at the wavelength of 560 nm www.nature.com/scientificreports www.nature.com/scientificreports/ were filtered by a 14-nm-wide bandpass interference filter. Intensity of the pump beam was actively stabilized via a motorized half-wave plate followed by a polarizer based on the information about intensity from a detector. ( ) based on photocount moments and probabilities and defined in Eqs (1) and (3), respectively, reveals nonclassical properties of this field. According to the graphs in Fig. 3(a,c) , the field exhibits up to the seventh-order non-classicality in the coefficient r c k ( ) and, simultaneously, up to the eleventh-order non-classicality in the 'complemenatary' coefficient
. The observation of even higher-order non-classicalities suffers from the experimental noise. Increase of the number of measurement realizations would be needed to reach them experimentally. We note, that fields exhibiting up to the fourteenth-order non-classicality in photocount moments [r c k ( ) ] were reported in 38 using a similar post-selection scheme with a superconducting photon-number-resolving detector with higher efficiency.
The higher-order non-classicality counting parameters τ c
, that allow for the quantification of non-classicality resistance against the noise, are plotted in Fig. 3(b,d) for the analyzed higher-order non-classicalities. According to the graph in Fig. 3(b) , the resistance of higher-order non-classicality based on photocount moments (r c k ( ) ) decreases with the order parameter k. On the other hand, the higher-order non-classicality counting parameter 
Higher-Order Non-Classicalities in The Reconstructed Field
The higher-order non-classicality identifiers r n k ( ) and  r n k ( ) and the accompanying non-classicality counting parameters τ n k ( ) and τ  n k ( ) can also be applied to the reconstructed photon-number distribution p(n i ) to judge its non-classicality. Here, we apply the method of maximum likelihood 48 to arrive at the photon-number distribution p(n i ) of the post-selected idler field 22 . According to this method, a photon-number distribution p(n i ) is found as a steady state of the following iteration procedure that uses the experimental photocount histogram f(c i ) 41 :
In Eq. (19), the positive-valued operator measure T appropriate for the used iCCD camera with M active pixels, detection efficiency η and dark-count rate per pixel D is determined along the formula 41 : . Thus, the reconstruction not only preserved the sub-Poissonian character of the field, it considerably improved its Fano factor F n,i compared to that appropriate for the photocount histogram. Narrowing of the obtained photon-number distribution p(n i ) with respect to its Poissonian counterpart is shown in the graph of Fig. 2(b) . The analysis of the reconstructed photon-number distribution p(n i ) from the point of view of higher-order non-classicality identifiers r n k ( ) expressed in photon-number moments reveals up to the seventh-order non-classicality [see the graph in Fig. 4(a) ], similarly as in the case of photocount histogram f(c i ). However, the comparison of the corresponding non-classicality counting parameters τ n k ( ) plotted in Fig. 4(b) with those determined for photocount histogram f(c i ) [see the graph in Fig. 3(b) ] reveals better resistance of the former parameters against the noise. For example, whereas around 0.4 www.nature.com/scientificreports www.nature.com/scientificreports/ noise photocounts conceal the second-order non-classicality r c (2) , around 1.8 photons are needed to suppress the second-order non-classicality r n (2) . The improved resistance of the non-classicality of the reconstructed field with respect to the noise originates in the increase of the field intensity during the reconstruction. On the other hand, it holds also here that the greater the order k of non-classicality the more prone the non-classicality against the noise, as documented in the graph in Fig. 4(b) . Unfortunately, the reconstruction that 'amplifies' the field roughly four-times considerably broadens the photon-number distribution p(n i ) which results in the loss of higher-order non-classicalities  r n k ( ) expressed in photon-number probabilities. This stemms from the fact that these probabilities are considerably smaller than those in the original photocount histogram and so the ability to distinguish such non-classicalities is lost in the noise.
Conclusions
We have analyzed in parallel higher-order non-classicalities defined in terms of photocount or photon-number moments (sub-Poissonian statistics) and probabilities (using the Klyshko inequalities). We have introduced higher-order non-classicality counting parameters for both types of non-classicalities. We have elucidated their general performance considering two types of nonclassical states including the highly nonclassical ones. We have analyzed their performance on an experimental sub-Poissonian field with around 11 photons on average generated from a weak twin beam with around 8.8 mean photon pairs per pulse under the condition of 5 detected signal-beam photocounts. For this field, we have observed up to the seventh-order non-classicality in photocount moments simultaneously with up to the eleventh-order non-classicality in photocount probabilities. The seventh-order non-classicality in photon-number moments has been reached also for the reconstructed photon-number distribution. The introduced higher-order non-classicality counting parameters have shown that, with the increasing non-classicality order, the non-classicality becomes more prone to the noise. Also the non-classicality counting parameters determined for photocount probabilities are more resistant against the noise compared to their counterparts based on photocount moments when weak fields are analyzed.
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